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Abstract 

The one-dimensional discrete ordinates code ANISN has been adapted to 
simulate the transport of low-energy (on the order of a few MeV) electrons. 
Two different calculational techniques have been utilized for the treatment, 
of electron-electron collisions that result in a small energy transfer. 
method treats such collisions by a continuous slowing-down approximtion, 
while the other method treats these collisions by the use of a very approximate 
cross section. Calculated results obtained with ANLSN are compared with ex- 
perimental data for the transmitted energy and angular distributions' for 1-, 
2.5-, 4-, and &MeV electrons normally incident on aluminum slabs of various 
thicknesses and for 1-MeV electrons normally incident on a gold slab. 
calculated and experimental results are in reasonably good agreement for the 
aluminum slabs but are in poor agreement for the gold slab. 
obtained with ANISN are also compared with calculated results obtained with 
Monte Carlo methods. 

9ne 

The 

Calculated results 

Research funded by 
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

under Order H-38280A 

'r' 
d'' 

."* 
*This paper has been submitted by D. E. Bartine to the University of Miisou?i- 
Rolla in partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. 4 
?Mathematics Division. 

HOTICE This document contains information of a preliminary nature 
and was prepared primarily for interool u s e  a t  the Oak Ridge Notional 
Laborotory. It is subiecf to revision or correction and therefore does  
not represent a final report. 



This report was prepared as an account of work sponsored by the United 
States Government. Neither the United States nor the United States Atomic 
Energy Commission, nor any of their employees, nor any of their contractors, 
subcontractors, or their employees, makes any warranty, express or impliad, cr 
assumes any legal liability or responsibility for the accuracy, completeness or 
usefulness of any information, apparatus, product or process disclosed. or 
represents that i t s  use would not infringe privately owned rights. 

L 1 



TABLE OF CONTENTS 

LIST OF ILLUSTRATIONS . q . . o e 0 e e 0 e s e . 

11. LITERATURESURVEY. * e e e 

111. DISCRETE ORDINATES TRANSPORT EQUATIONS . . a 4 

IV. TRANSPORT CROSS-SECTION DATA . ; e e * . . 
A. Inelastic Electronic Scattering from Atomic Electrons . . . 
B. Elastic Coulomb Scattering from Atomic Nuclei . . . . . . 
C . Bremsstrahlung (Radiative) Interactions with Nuclei and 

Atomic Electrons . , . . . . . . . . . . . . . . . e 

D. Photon Interactions . . . . . . . . . . . . . . . . 
V. COMPARISON WITH THEORETICAL MODELS . e . * a 

/ 

A. Elastic Multiple-Scattering Angular Distribution . . . 
B. Inelastic-Scattering Energy Distribution . . . . . . . . 

VI. COMPARISON WITH EXPERIMENTAL RESULTS 0 . m o 

A. Experiments of Rester . . . . . . . . . . . . . . . . . . . 
1. 1-MeV Electrons Incident on Aluminum . . . . , . . . . 
2. 1-MeV Electrons Incident on Gold . . . . . , e . , . 
3. 2.5-MeV Electrons Incident on Aluminum . . . . . . . 

B. Experiments of Lonergan e t  aZ. . . . . . , . . . . . . . 
1. 4-MeV Electrons Incident on Aluminum . . . . . . . , 
2. 8-MeV Electrons Incident on Aluminum . . . . . . . . . 

VII. CWARISON WITH A THEORETICAL CALCULATION FOR &? ' 

INCIDENT ELECTRON SPECTRUM . . . . . . . . . . . . . . . . 
A. Transmitted Electron Spectra . . . . . . . . . . . . . . 
B. Transmitted Photon Spectra . , . . . . . . . , . . . . . . 

VIII. COSCLUSIONS AND RECOMMENDATIONS . 0 0 

V 

1 

3 

9 

30 

30 

37 

38 
40 

41 

41 
41 

5 1  

51 

5 1  . 
61 
64 

69 

69 
72 

75 

75 
78 

80 

(continued) 

iii 



TABLE OF CONTEMTS (cont 'd)  

IX. APPENDICES . . . a . .  * 0 a 0 e 

A . Derivation of the Continuous Slowing-Down 
Transport Equation . . . . . . . . . . . . . . . . . . .  

82 

83 

B . High-Frequency End-Point Correction for the 
Differential Bremsstrahlung Cross Section . . . . . . .  89 

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . .  92 

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  93 



LIST OF ILLUSTRATIONS 

Figures Page 

1. Angular dis t r ibu t ion  of transmikted electrcn current 

for  1-MeV electrons normally incident on a 

2 0.0287-g/crn - thick aluminum slab. . . . . . . . . . . .  42 

2.  Comparison of the d i f f e ren t i a l  Mjdller cross section 

f o r  i ne l a s t i c  electron-electron coll isions w i t h  

two d i f f e ren t i a l  analytic cross sections below 1 

M e V . . . . . . . . . . . . . . . . . . . . . . . . + .  46 

3 ,  Transmitted electron current per un i t  energy per 

incident electron for  1-MeV electrons normally 

incident on 0 -11-g/cm -thick and 0.33-glcm -thick 
2 2 

aluminum slabs.  . . . . . . . . . . . . . . . . . . . .  48 

4 .  Transmitted electron current per un i t  energy per 

incident electron f o r  1-MeV electrons normally 

incident on O.ll-g/cm -, 0.33-g/cm -, and 0.66-g/cm - 
th ick  aluminum slabs.  . . . . . . . . . . . . . . . . .  50 

2 2 2 

5 .  Transmitted electron current per u n i t  energy per 

incident electron fo r  1-MeV electrons normally 

incident on 0.10-g/cm -, 0.22-g/cm -, and 0.32-g/cm - 2 2 2 

th ick  aluminum slabs.  . . . . . . . . . . . . . . . . .  52 

6. Transmitted electron current per u n i t  energy per 

incident electron fo r  1-MeV electrons normally 
2 

incident on OO22-g/cn -thick aluminum slabs . . . . . .  55 

V 



Figures Page 

7. Energy d is t r ibu t ions  of the transmitted electron 

electrons normally incident on a 0.10-g/un2- 

th ick  aluminum s lab .  . . . . . . . . . . . . . . . . .  59 

8.  Energy d is t r ibu t ions  of the transmitted electron current 

at 7.501 47.5", and 77.5" for  1-MeV electrons 

normally incident on a 0.22-g/cm -thick aluminum 

s lab  . . . . . . . . . . . . . . . . . . . . . . . . .  60 

2 

9. Angular dis t r ibut ions of t k a e  transmitted electron 

current f o r  1-MeV electrons normally incident 
2 2 2 on 0.10-g/cm -, 0.22-g/cm -, and 0.32-g/cm -thick 

a l u m i n u s l a b s  . . . . . . . . . . . . . . . . . . . .  62 

10. (a )  Transmitted electron current per un i t  energy 

per incident electron for  1-MeV electrons normally 

incident.  on a 0 .lr-g/cm -thick gold s lab.  2 

(b) Angular dis t r ibut ion of the transmitted electron 

current f o r  1-MeV electrons normally incident on 
2 a 0.15-g/cm -thick gold slab. . . . . . . . . . . . .  63 

11. Transmitted electron current per un i t  energy per 

incident electron f o r  2.5-MeV electrons normally 

incident on 0.31-g/cm -thick and 0.62-g/cm - 
th ick  aJ.,uminm slabs . . . . . . . . . . . . . . . . .  65 

2 2 

vi 



Page Figures , 

12. Energy d is t r ibu t ions  of the t r a n d t t e d  electron 

current at 20°, 45", and 60" fo r  2.5-MeV 

electrons normally incident on a 0.31-g/cm - 2 

th ick  aluminum slab.  . . . . . . . . . . . . . . . . .  67 

13. Energy d is t r ibu t ions  of the t ransmit ted electron 

current a t  10",and 20" f o r  2.5 &V electrons 

2 normally incident on a 0.62-g/cm -thick 

aluminumslab. .  . . . . . . . . . . . . . . . . . . .  68 

14 Angular d i s t r ibu t ions  of the  t ransmit ted electron 

current fo r  2.5-MeV electrons normally incident on 

0.31-g/cm -thick and 0.62-g/~~1 - thick aluminum 2 2 

. . . . . . . . . . . . . . . . . . . . . . .  s l a b s . .  70 

15. (a) Energy d is t r ibu t ion  of the transmitted electron 

current a t  30" fo r  4-MeV e lec t rocs  normally 

incident on a 1.275-g/cm - th ick  aluminum s lab .  2 

(b) Angular d i s t r ibu t ions  of the transmitted 

electron current for  4-MeV e l e c t r m s  normally 

incident on a 1.275-g/cm - th ick  aluminum s lab  . . 71 
2 

16. (a) Energy d is t r ibu t ion  of the t r a r s m i t t e d  electron 

current a t  20" fo r  8-MeV e l e c t r o m  normally 

incident on a 0.953-g/cm - thick aluminum slab.  2 

(b) Angular d i s t r ibu t ion  of the t r a s m i t t e d  electron 

current f o r  8-MeV electrons n o r m f i y  incident on 

73 
2 

a 0.953-g/cm -thick aluminum s l a b  . . . . . . . . . .  

vii 



Figures Page 

17. Energy d is t r ibu t ion  of the incident electron 

current per un i t  energy per incident electron 

used by Scott , as a source. . . . . . . . . . . . . . 76 
48 

18. Transmitted electron current per un i t  energy per 

incident electron f o r  a specif ic  energy spectrum 

(Fig- 17) normally incident on 0.50-g/cm -thick 

and 1.0-g/cm -thick aluminum slabs.  . . - 77 

2 

2 

19. Transmitted photon current per un i t  energy per 

incident electron for  a specif ic  energy spectrum 

of electrons (Fig-  17) normally incident on 

aluminum slabs of  the thicknesses indicated. . . . . . 79 

viii 



1 

I. INTRODUCTION 

"he men and instruments aboard space vehicles must be protected 

from the  radiation encodtered i n  ex t ra - te r res t r ia l  f l i gh t .  A signif-  

i c m t  research e f fo r t  has been under way  for  some time t o  discover the  

ident i ty ,  energy, and abundance of the par t ic les  involved, and t o  

determine t h e i r  a b i l i t y  t o  penetrate shielding materials. ''* A manned 

sprace laboratory orbi t ing through the Van  Allen electron b e l t s  would be 

exposed t o  a large number of low-energy electrons.  A code is  available 

tha t  t r e a t s  low-energy electron transport by Monte Carlo methods. 

However, because of d i f f i cu l t i e s  with the s t a t i s t i c a l  accuracy obtained 

i n  some cases, a nons ta t i s t ica l  calculational method is  needed. The 

purpose of t h i s  investigation i s  t o  study the  adaptabili ty of the 

method of discrete  ordinates, which was developed for  neutron trans- 
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port, t o  the transport  of low-energy electrons and the photons which 

they produce. 

Consideration here i s  limited t o  the energy range below 10 MeV, 

since t h i s  i s  the area of primary concern for the shielding of space 

vehicles. However, t h i s  energy range i s  broad enough t o  be of general 

interest. 

here m i g h t  be applied include the  effect  of multiple scat ter ing on the 

response of beta detectors and the effect  of  the  energy fluctuations 

resu l t ing  when a monoenergetic beam of electrons i s  incident on a thin 

target  (for example, i n  a device such as the  electron microscope). 

Other problems t o  which the  calculational method developed 
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In  Section I1 a bas ic  discussion of electron penetration i s  

presented, and previous e f f o r t s  made toward the  solution of t h i s  

problem are  reviewed. 

t i o n  used i n  t h i s  investigation are  given i n  Section 111. 

forms of the  cross sections and other parameters u t i l i z e d  i n  the  

equations a re  discussed i n  Section IV. 

obtained from t h i s  investigation and results f r o m  other sources, both 

calculat ional  and experimental, a re  presented i n  Sections V, V I ,  and 

VII. A pure angular spectrum from multiple e l a s t i c  sca t te r ing  and a 

pure energy spectrum due t o  electron s t raggl ing are  considered i n  

The equations involved i n  t h e  methods of solu- 

The spec i f ic  

Comparisons between the r e su l t s  

Section V, and comparisons w i t h  experimental. r e su l t s  are  given i n  

Section V I .  Experimental. data are l imited,  and none were available 

t o  describe the  penetration of an incident energy spectrum such as 

tha t  incident on spacecraft i n  the Van Allen b e l t s .  A comparison w i t h  

another c a h u l a t i o n a l  method fo r  the  electron energy d is t r ibu t ion  

resu l t ing  from a f i s s ion  spectrum source of electrons i s  presented i n  

Section VII. 

‘ 

Energy spectra  for  t he  photons produced by these elec- 

t rons  and transported through la rge  slab thicknesses are  also included 

here. Conclusions and recommendations f o r  f’urther investigation are 

discussed i n  Section VIII. 

equation with a term corresponding t o  the continuous slowing-down 

approximation i s  given i n  Appendix A, and t h e  derivation of t he  high- 

frequency end-point correction applied t o  the  bremsstrdiLung cross 

section i s  shown i n  Appendix B. 

The detai led derivation of t h e  t ransport  
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11. LITWTURE SURVEY 

When electrons with energies of a few MeV penetrate matter, they 

undergo a la rge  number of co l l i s ions  within a very short pathlength. 

Since there  are many possible energy and angular changes for  each col- 

l i s ion ,  t h i s  r e su l t s  i n  a d i s t r ibu t ion  of electrons i n  terms of both 

energy and direct ion of t rave l .  The most s ignif icant  interactions for  

the  prediction of the resul t ing d is t r ibu t ion  by transport  calculations 

are  e l a s t i c  nuclear (Coulomb) scattering, i ne l a s t i c  scat ter ing from 

atomic electrons, and radiat ive (bremsstrahlung) interactions w i t h  

both nuclei and atomic 

actions and summarized 

ing various aspects of 
C 

4 electrons.  Birkhoff described electronic inter-  

the progress made on numerical models represent- 

electron transport .  More recently, Zerby and 

Keller’ presented a comprehensive state-of-the-art  review of theoret- 

i c a l  and experimental investigations i n  the area of electron transport .  

Coulomb interact ions are  very frequent, resul t ing i n  an angular 

dis t r ibut ion heavily peaked i n  the forward direct ion.  Since the mass of 

the electron is  minute compared t o  t h a t  of the nucleus, the energy lo s s  

suffered by the electron i s  insignificant,  and these col l is ions m a y  be 

considered e l a s t i c .  Various methods have been developed for  calculat-  

ing multiple - (Coulomb) scat ter ing dis t r ibut ions.  Moli&e 4 7  formu- 

l a t ed  a numerical function i n  terms of a reduced scat ter ing angle t o  

describe the  r e su l t  of s m a l l  angular deflections.  Goudsmit and 

S a ~ n d e r s o n ~ ’ ~  derived a Legendre se r i e s  t h a t  can be evaluated for  a 

specif ic  single-scattering cross section t o  give the  dis t r ibut ion 

resul t ing from angular deflections of any magnitude. 
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Electronic 

energy t ransfer  

qui te  numerous. 

co l l i s ions  with atomic electrons resul t ing i n  

and a correlated s m a l l  angular deflection are 

a s m a l l  

a lso 

The atamic electron involved is  e i the r  elevated t o  an 

excited s t a t e  or ionized i f  the energy t ransfer  is  suf f ic ien t ly  great .  

Collisions involving a large energy t ransfer  and angular deflection do 

occur, but t h e i r  frequency decreases as a function of increasing energy 

loss.  

becomes par t  of the  transmitted spectrum. 

The secondary or knock-on electron produced i n  such a co l l i s ion  

High energy-loss reactions 

are therefore par t icu lar ly  important for  an accurate determination of 

the electron flux resu l t ing  at  thicknesses approaching the range of the  

incident beam. Ine l a s t i c  scat ter ing from atomic electrons i s  the  pr i -  

mary mode of energy lo s s  fo r  electrons i n  the  few MeV range. 

 william^^'^^ and Landau 11 derived a universal  curve t o  describe the 

charac te r i s t ic  d i s t r ibu t ion  of energies resul t ing when a monoenergetic 

electron beam passes through a th in  f o i l ;  i .e. ,  one i n  which the  

average energy loss i s  s m a l l  compared t o  the i n i t i a l  energy of the 

electron.  Angular e f f ec t s  were not considered. The curve i s  basical ly  

a Gaussian d is t r ibu t ion  centered near the most probable energy lo s s  

with a long t a i l  at lower energies. 

energy t ransfer  are responsible fo r  the  Gaussian dis t r ibut ion,  while 

l a rge r  energy t ransfers  cause the t a i l .  Blunck and Leisegang 

give a correction fo r  the Landau theory t o  account fo r  the  e f fec t  of 

more t i g h t l y  bound atomic electrons, especially the K-shell electrons 

for  high-Z atoms. 

make it more indicative of the  incident-particle velocity.  

Collisions involving a s m a l l  

12913 

Vavilov 14’15 modified the Landau d is t r ibu t ion  t o  



5 

Bremsstrahlung reactions also r e su l t  i n  energy degradation, 

although they are not of prime in t e re s t  i n  the range considered here. 

Bremsstrahlung becomes much more s ignif icant  as the  electron energy 

and the atomic number of the target  increase. However, bremsstrahlung 

reactions are cruc ia l  i n  the determination of radiation e f fec ts  a t  

t a rge t  depths beyond the range of the incident electrons.  Koch and 

Motz present a detai led review of the bremsstrahlung interact ion.  16 

Various attempts have been made t o  solve the  complete electron- 

t ransport  problem by applying numerical techniques tha t  combine the 

results of several  exis t ing theories .  I n  contrast  t o  any of the 

theories  previously mentioned, such calculations distinguish between 

electron pathlength and sample thickness. 

The moments method is  a semianalytical numerical solution t o  the 

transport  equation i n  which the energy, angular, and spa t i a l  depen- 

dence of the flux are described by a ser ies  of polynomial expansions. 

Spencer and'Fano12 adapted the moments method t o  the electron trms- 

port  problem. Electron-electron col l is ions involving s m a l l  energy 

t ransfers  were treated according t o  a continuous slowing-down model 

which assumes t h a t  t h e  form of the cross sections fo r  these col l is ions 

is  unimportant as long as the correct stopping power (energy loss  per 

un i t  path length) is obtained. 

&ller17 cross section f o r  electronic col l is ions with f ree  electrons a t  

Specifically,  the  r e l a t i v i s t i c  

rest i s  assumed t o  be va l id  down t o  a very small. f rac t iona l  energy loss 

which is  defined so as t o  give the correct t o t a l  stopping power. 

Spencer and Fano's method assumes an  in f in i te ,  homogeneous medium and 
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t fncludes the production of secondary or knock-on electrons.  

Productton via  brkmsstrahlung reactions i s  accounted for, but there is 

ho provision fo r  subsequent transport  of the photons. 

Photon 

Theoretically, Monte Carlo calculations can follow each individ- 

b a l  electron through every col l is ion as the electrons are slowed down 

and scattered through the ta rge t  f o i l .  I n  practice,  t h i s  is  not 

'Seasible due t o  the staggering number of col l is ions involved. A single  

.;electron with an i n i t i a l  energy of a few MeV w i l l  undergo i n  the 

keighborhood of lo5 col l i s ions  i n  the process of downscattering t o  the 

a-1 MeV range. Individual e lectronic  col l is ions are therefore not 

t r e a t e d  i n  the Monte Carlo calculations.  Instead, theories describing 

"various segments of the transport  problem are used t o  group together 

l a r g e  numbers of co l l i s ions .  The computation proceeds by considering 

*Successive s p a t i a l  intervals ,  w i t h  the resul t ing dis t r ibut ions 

het-ermined by a conventional random sampling based on the sui table  

18 Bult iple-scat ter ing theories . Berger' and Seltzer3 have' writ ten a 

'Monte Carlo code ETRAN, i n  which the angular deflections can be'com- 

-9uted by the method of Goudsmit and Saunderson, Molie're, or Fermi's 

Gaussian dis t r ibut ion The spectrum result ing f r m  energy loss  i s  

determined by the  modified Landau energy-straggling dis t r ibut ion or  

*can a continuous slowing-down model. Collisions involving large energy 

' t r ans fe r s  can be considered separately from the continuous slowing- 

down model, and secondary electrons and photons are  produced and trans- 

ported through the ta rge t  sample. I n  general, calculations based on 
18 
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ETRAN have shown good agreement with experimental resul ts .5  Neverthe- 

less ,  the Monte Carlo method i s  r e s t r i c t ed  by the s t a t i s t i c a l  varia- 

t ions  inherent i n  random sampling. 

The method of discrete  ordinates of fe rs  a viable a l ternat ive t o  

Monte Carlo methods i n  tha t  it can follow each electron on a coll ision- 

by-collision basis,  it does not involve random sampling, and it requires 

only basic cross-section data.  I n  the origin'al  discrete^ ordinates 

method fo r  s lab geometry as suggested by Wick, 19J20 the angular' varia- 

b le  i s  divided in to  a discrete  number of intervals .  The t ransfer  

in tegra l  term i n  the Boltzmann transport equation i s  then approximated 

by a Gaussian quadrature formula, resul t ing i n  a s e t  of coupled equa- 

t ions for  the discrete-angle fluxes. The S method i s  a special  case 

of the  discrete  ordinates method developed by Carlson.21 

direct ional  flux i s  assumed t o  vary l inear ly  between interpolation 

n 
Here, the 

points i n  both the angular and spa t i a l  variables.  Carlson l a t e r  sim- 

p l i f i ed  and.generalized the Sn method in to  the  current discrete  ordi- 

nates method.22 The flux i s  now stated i n  terms of the  average values 

5 .  

a t  the midpoints of the spa t i a l  and angular in te rva ls .  The discrete 

ordinates method w a s  developed for  neutron transport  and i s  now prefer- 

en t i a l ly  used for  the solution of one- and two-dimensional neutron- and 

gamma-transport problems i n  the form of codes such a s  ANISI? 3 and 

24 DOT. This investigation is the first attempt t o  adapt discrete ordi- 

nates procedures for  t he  transport of electrons through matter. I n  

principle,  AMSN m a y  be used t o  transport  electrons by the simple expe- 

dient of introducing in to  the code the d i f fe ren t ia l  cross sections for 



8 

electron-nucleus ekastic col l is ions,  electron-nucleus bremsstrahlung- 

producing coll isions,  and electron-electron col l is ions.  In  practice, 

however, these cross sections are quite different  from those which 

Occur i n  neutron transport, and the method has shown only p a r t i a l  

success i n  transporting electrons.  The discrete  ordinates method 

allows the  production of photons and secondary electrons, and t h e i r  

subsequent transport  through the t a rge t .  Individual electronic co l l i -  

sions are t rea ted  except i n  the continuous slowing-down version of 

electron transport  by discrete  ordinates where electron-electron co l l i -  

sions tha t  r e su l t  i n  a s m a l l  energy t ransfer  are handled by a continu- 

ous slowing-down t e rn .  

Ekperimentally obtained electron-transmission data provide a basis 

w i t h  which t o  t e s t  theoret ical  calculations. 

electrons transmitted through s lab ta rge ts  have been measured as a f'unc- 

t i on  of angle 

The energy spectra of 

Rester and Rainwatere5 considered 1-MeV electrons 

normally incident on aluminum slabs.  Rester and Dance26 studied the 

spectra resul t ing from 1-MeV electrons on aluminum and gold ta rge ts .  

Lonergan, Jupiter,  and Merklee7 investigated the transmission of 4- 

and 8-MeV incident-electron beams through beryllium, aluminum, and gold 

ta rge ts  
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I11 DISCRETE ORDINATES TRANSPORT EQUATIONS 

The equations used t o  transport  electrons and photons through 

matter are  developed i n  t h i s  section. 

transport  equation can be wri t ten for  electrons i n  a uniform medium a s  

The time-independent Boltmann 

E 

- n +)+G,E,Z) , 

and fo r  photons i n  a uniform medium as 

E 
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(E' ,  E,?? mn) d20i( E', E,?'* 3) 2 

t i = el, br, i n e l  , 0-e 
dEdn =c i dEdn 

1 = e l ,  br, i n e l  , 

where 

8 = a vector denoting the posit ion of the par t ic le ;  

S I  = a uni t 'vector  i n  the  direct ion of the  momentum vector; 
4 

dQ = an element of so l id  angle; 

E' = t he  kinet ic  energy of the  incident par t ic le ;  

E = the  kinet ic  energy of the  emergent par t ic le ;  

$@,E,;) = the  electron flux per un i t  energy; 

9 (&E,;) = the  photon flux per un i t  energy; 
Y 

= the  highest kinet ic  energy considered; 
EO 

n = the  atomic number density: 

p@,E,z) = the  number of electrons per unit energy per steradian per 

unit volume per second input at  R from an external source; 
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fo r  electrons, 
i =  

the number of photons per un i t  energy per steradian 

per uni t  volume per second input a t  R from an ex- 

t e rna l  source (€' @,E,;) = 0 i n  the calculations 
Y 

undertaken here) ; 

the d i f f e ren t i a l  atQmic cross section fo r  a par t ic le  

with k ine t ic  energy E' going i n  direct ion 6' t o  

undergo process i, after'which the pa r t i c l e  has a 

kinet ic  energy I] and is  traveling i n  direction 5; 
e l  ( e l a s t i c  nuclear scattering, for  which E' = E) ,  

br (bremsstrahlung scat ter ing from both nuclei and 

atomic electrons, thereby producing a photon), 

i n e l  ( ine las t ic  scat ter ing from atomic electrons, 

thereby producing a secondary electron; the 

d i f f e ren t i a l  cross section here includes the 

production of both the primary and secondary 

electrons) ;* 

*The ine l a s t i c  scat ter ing cross section used i n  t h i s  investigation 
is the atomic cross section, and i s  found by multiplying the differen- 
t i a l  cross section f o r  an ine las t ic  electron-electron co l l i s ion  by the 
number of electrons per atom, Z. An e l a s t i c  electron-electron co l l i -  
sion involving an incident electron with kinet ic  energy E' resu l t s  i n  a 
primary electron w i t h  k inet ic  energy E and an energy loss of E'-E which 
i s  imparted t o  the struck electron. 
occurs and a secondary electron i s  produced with kinet ic  energy E'-E, 
neglecting the energy required f o r  the ionization process. If E'-E i s  
too s m a l l  f o r  ionization, the struck electron i s  elevated t o  an excited 
s t a t e .  However, because of a lack of cross-section information i n  the 
region where the energy imparted i s  on the order of the binding energy 
or less ,  it was necessary i n  t h i s  investigation t o  assume tha t  a secon- 
dary electron is  produced i n  each ine l a s t i c  electron-electron coll ision, 

If E'-E i s  large enough, ionization 
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So t h a t  the mul t ip l ic i ty  for such col l is ions was 2. 
cross section 

always assumed t o  include both the primary and secondary electron; t h a t  
is, integration of the d i f f e ren t i a l  i ne l a s t i c  cross sect ion over energy 
and angle gives the t o t a l  i ne l a s t i c  cross section times the  multiplicity,  

The d i f f e r e n t i a l  
(E',E,Z'*fi) i n  the equations i n  the t e x t  is  imel 

dEdn 

Since the mul t ip l ic i ty  i s  2 by assumption, 

0 

If the primary electron i s  defined as the resul t ing electron with the 
highest kinet ic  energy, then it has a possible range from E' t o  E'/2, 

and Q i n e l  (E ' )  m-3y a l so  be obtained from 

(E' ,  E,Ef -E) E' 2 
Dinel ' i n e l  .(E') = f dEJdn . dEdQ 

( E ' )  t ha t  w i l l  be used i n  the  t e x t .  
T 

i n e l  It is t h i s  form of 0 
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for  photons, 

i = co (Compton scat ter ings from atomic electrons) 

pe (photoelectric absorption, thereby producing an 

_ -  electron),  

pp (pa i r  production, thereby producing an electron 

and a positron);  
4 - 4  2 

aey(E' ' = the d i f f e r e n t i a l  atomic 'cross section fo r  an elec- 
dEm 

t ron  w i t h  k ine t ic  energy E ' ,  going i n  direction d ' ,  
t o  produce a photon with kinet ic  energy E, going 

i n  direct ion 5, by bremsstrahlung scattering; 

= the  d i f f e r e n t i a l  atomic cross section f o r  a photon dl?dCl 
4 

with kinet ic  energy E' ,  going i n  direction S a ' ,  t o  

produce an e lec t ron  with kinet ic  energy E, going 

i n  direct ion Sl? by photoelectric absorption or p a i r  
A 

production. 

Electrons produce photons by bremsstrahlung, and photons produce 

electrons by photoelectric a b s o r p t h n  and pa i r  production. The photon 

and electron transport  equations m therefore cross-coupled and must 

be solved together. 

photons produce positrons by pair Fzoduction and positrons produce pho- 

tons by bremsstrahlung and annihilaTion. 

is not s ign i f icant  fo r  the calculat5ons undertaken here, and so  the 

positron t ransport  equation is not Zncluded. 

Positron caupLing should a l so  be considered since 

However, positron transport  

The photon-electron source term i n  the  electron transport  equation 

is  small fo r  the  transport  of incidc.xt electrons i n  the few-MeV range, 
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and w i l l  be neglected here. The electron transport  equation is then 

no longer coupled t o  the photon transport  equation i n  the photon- 

electron direct ion since electrons produced by photons are not included. 

The electron transport  equa:i_on t o  be solved i s  

which i s  obtained from Eq. (1) by dropping the photon-electron source 

term, 

Electrons s t i l l  serve as a source fo r  photons, and an electron-photon 

transport  case w i l l  be reported i n  Section VII. The one-way coupling 

scheme (electron t o  photon) i s  s i m i l a r  t o  the neutron-photon problem 

tha t  for  sane time has been solved by the use of various discrete 

ordinates codes. 

The resul t ing Eq. ( 3 )  fo r  electron transport  i s  solved by the  method 

of discrete ordinates. This method was  developed t o  solve the neutron 

transport  equation analogous t o  Eq.  (3),  and electron transport  repre- 

sents a new adaptation. The code used for  t h i s  adaptation, AllIS$3, 



por t  m e  so different in form f'rm neutron cross sections tha t  it was 

not at 611 clear whether they NOLtld be handled Correctly. Theoreti- 

cal ly ,  neutrons, photons, or c,/.ectrons can be transported from an i n i t i a l  

a br ief  indication of 

here for  the one-dimensional H I  ab geometry 

of I;he concepts involved w i l l  be presented 

* 

The energy dependence of !,he flux and the cross sections is 

expressed i n  multigroup form. Consider the energy group, G, which 

extends from E t o  E , where Eg = Eg+l -+ AEc' The for 

group G is  
g+l g 
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+ AE ), and averaging over the i n i t i a l  

group and integrat ing over the energy bounds of the f i n a l  group, G .  

G' from Eg,+l t o  Eg' (Eg'+l G 

Then 

The angular dependence of the cross sections i s  expressed i n  an 

+ l ) - term Legendre ser ies  expansion i n  v where v is  the  cosine ( amax 0' 0 

of the sca t te r ing  angle. If the Legendre expansion is defined as  

a where L (po) is  the Legendre function, then the se r i e s  coeff ic ients  are 

given as 

The angular variable is then expressed as a function of a fixed-coordi- 

nate system i n  which the angular variable is divided in to  NOA (number 

of angles) d i scre te  angular in te rva ls .  

addition theorem fo r  Legendre polynomials. The in tegra l  over angle i n  

This i s  done by use of the 



the  Boltzmann equation i s  replaced by a Gaussian quadrature formula 

where 

d 

NOA is the  t o t a l  number of points (angles) considered, and OD 

and wD are  the ord indes  and weights fo r  the Gaussian quadrature. 

The weights, wDj  are normalized t o  give a sum of one instead of 4n, so 

t h a t  for  one in te rva l ,  D, 

with 

The in tegra l  over angle i n  Eq. (3) may then be represented by a summation 

over the incident angle, D' , from D' = 1 t o  D' = NOA (number of angles). 

If p = 0 . k, where "k is  the uni t  vector normal t o  the slab, then 
4 4  
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The spa t i a l  region of i n t e re s t  i s  divided in to  specif ic  intervals  

represented by the subscript I, 

where 

I = 1 t o  number of intervals ,  and 

r = i the  l i nea r  distance t o  the beginning of interval  I, 

r.+l = the  l i nea r  distance t o  the end of interval  I. 
1 

The mean value theorem is then applied t o  each term i n  the trans- 

port  equation giving average f lux values for  each energy group, spa t i a l  

interval ,  and angular in te rva l  considered. The resul t ing discrete  

ordinates form f o r  Eq.  (3) i n  the one-dimensional multigroup s lab geometry 

G NOA 

1=0 G ' = l  D ' = l  

' where 

$G,f ,D = the electron f lux integrated over energy group G, 

D averaged over spa t i a l  in te rva l  I and evaluated a t  p 

i n  angular in te rva l  D, 

the  average electron flux i n  energy group G and angu- 

lar in te rva l  D at spa t i a l  point ri+l, 

= 9 G, i+l, D 



= the  t o t a l  reaction cross sect ion fo r  an electron i n  grmp T 
aG 

= the  external source i n  a s p a t i a l  in te rva l  I for  electrons 'G, I, D 

i n  energy group G, angular in te rva l  D. 

The i n i t i a l  Boltmann equation, Eq. .  ( 3 ) ,  i s  now represented by a se r i e s  

of equations s imilar  t o  Eq. (4), with each equation representing the 

electron balance i n  a so-called "phase space cel l" ,  for  which $G I 

(energy group G, spa t i a l  in te rva l  I, angular in te rva l  D) i s  defined. 
> ,  

The th i rd  term i n  E q .  ( k ) ,  

then represents the number of electrons i n  energy group G and angular 

in te rva l  D produced i n  s p a t i a l  in te rva l  I by electrons i n  a l l  angular 

in te rva ls  ( D ' = l  t o  NOA), i n  all energy groups G' which represent 

energies greater  than or equal t o  the energies i n  group G.  

G, I, D' 
In order t o  solve Eq. (4),  it is  necessary t o  evaluate 9 

+G,i+l,D, and $G,i,D. 

*G,i,D' 

the  previous in te rva l .  

F i r s t ,  it is assumed t h a t  the incoming fluxes, 

are knm from boundary conditions o r  from the calculation f o r  

Additional. difference equations are then 

assumed i n  the form 
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where a i s  deterninedl by a weighted difference model.29 The discrete  

ordinates form for  the photon transport  equation is  similar t o  Eq. (4 )  

with the  appropriate photon cross sections used. 

As shown i n  Eq. (4), the  d iscre te  ordinates form of the transport 

equation categorizes the electrons at  a par t icular  s p a t i a l  point i n  

terms of energy groups and angular i n t e r v d s .  The cross sections which 

t ransfer  electrons from one energy group t o  another are determined by 

integrating the d i f f e ren t i a l  cross section over the various energy 

groups, and the angular changes a re  described by expanding the cross 

sections i n  a Legendre ser ies  i n  the cosine of the scat ter ing angle. 

If the energy and the angular changes are s m a l l  enough fo r  a par t icular  

col l is ion,  the incident electron w o u l d  be i n  the sane energy group and 

angular in te rva l  a f t e r  the co l l i s ion  as before it. Thus, within the 

limits of the accuracy of ANISN's calculations, no change has occurred 

i n  the  energy and angular spectra.  

f o r  electrons.  An approximation known as the delta-function correction * 

is therefore made in  an e f fo r t  t o  remove those col l is ions from the cross 

Such col l is ions are very nunerous 

sections.  The explanation given here i s  similar t o  ' that  presented by 
26 Mynatt 

Let the within-group Legendre ser ies  expansion coefficients be 

expressed as 

so tha t  the within-group scatteririg angular dist r ibut ion,  which was 

. given e a r l i e r  by an (lmax+l)-term Legendre ser ies  as 
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i=O 

may now be represented as  

'max 

I= 0 

Because the cross sections are  heavily forward peaked, they can be 

approximated by an amax-term Legendre ser ies  plus a del ta  function i n  

the forward direction: 

L -1 max 

L= 0 

where it is assumed tha t  

1=0 

The ( Pmax+l)-term of the within-group expansion coefficients i s  there- 

fore assumed t o  be a delta-flmction coefficient.  Since the accuracy of 

the i n i t i a l  Legendre ser ies  representation increases w i t h  the number of 

terms used i n  the expansion ( i  

assumption should a l so  be a bet ter  approximation as I increases. To 

determine fl and C, equate Eqs .  (6) and (7 ) ,  multiply through by a 

+l), the delta-function coefficient max 

max 
? 

and then N 
m a '  Legendre polynomial L (po), where N varies from 0 t o  I 

integrates over po 
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= 2fN, for  N s Rmm, 

= 0 for  N > amax, 

then it is  found tha t  

2f; = 2fl  - C fo r  1 s lma 

and 

Multiplying Eq. ( 9 )  by (21+1), and combining the r e su l t  with Eq. ( 5 )  

gives the equation fo r  the corrected coefficients: 

( 9 )  
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The modified Pmax - term Legendre ser ies  coefficients are used i n  the 

sca t te r ing  in tegra l  and the de l t a  function i s  accounted for  by sub- 

t r ac t ing  f L  frm the t o t a l  cross section, where 
m a  

The corrected cross-section coefficients are commonly referred t o  as 

P -corrected-P The cross sections used i n  t h i s  investiga- 

t i on  were P corrected-P6. (P here re fers  t o  the  Legendre coeffi-  

c ien ts  and i s  the standard representation. L has been used as a 

'ma, amax-& * 

7- P 
a 

matter of convenience). 

t i o n  is  quite large for electrons, s o  t ha t  it great ly  f a c i l i t a t e s  the 

The magnitude of the delta-function correc- 

ANISN calculation, especially since the within-group cross section 

determines the number of i t e ra t ions  required for  convergence. 

If the required cross Bections were known, the solution could now 

be obtained. 

ing the transmitted electron spectra.  However, a l l  the necessary cross 

sections are not available.  The ine l a s t i c  electron-electron atomic 

cross sections tha t  are  available were derived assuming a col l is ion i n  

With the proper input data, ANISN could be used for  obtain- 

which the energy lost by the primary electron is s ignif icant ly  la rger  

than the binding energy of the t a rge t  electron. Ine las t ic  electron- 

electron col l is ions involving a large energy t ransfer  w i l l  be referred 

t o  as hard co l l i s ions .  No adequate cross sections are known for  co l l i -  

sions involving energy transfers of the order of the binding energy or  



smaller. 

and Fano,'* and calcuTations based on a similar estimate )rqy9 been done 

as a p a r t  of t h i s  investigation. 

sions involving a smaI.1 energy transfer per co l l i s ion  a w  yf: 

fo r  electrons and account for  a large pa r t  of the t o t a l  01)r:rD degrada- 

t ion .  

Nevertheless, these cross sections were e S t i r n r ~ k j  5J Spencer 

Ine las t ic  electron-el(~ct~p,,, calli- 

They w i n  be termed "soft  COlliSiOnS-" 

Ine l a s t i c  col l is ions occur so  frequently tha t ,  as an syvf5xima- 

t i o n ,  electrons can be considered t o  undergo a COntinUOU~ & J ~ ~ ~ . ~  down, 

with a fixed energy loss per uni t  path length t ravel led.  'ly,ix quantity 

is referred t o  as the stopping power and is well known brA,)l 822erimen- 

t a l l y  and theoret ical ly  .30 Unfortunakely, the needed croRIl g;4etions 

cannot be derived from the stopping power alone, since thrj 

power represents an in tegra l  over the cross section. 

stopping power i s  adequate for  many applications, and one 

for  the energy l o s s  due t o  sof t  col l is ions by u t i l i z i n g  t;hq 

the 



E 

where 

I 

E -2 ' 

I' = an arb i t ra ry  value taken t o  be the m i n i m  energy l o s s  allowed 

i n  a large energy t ransfer  or hard col l is ion ( a  co l l i s ion  

involving an energy t ransfer  smaller than I' is a s o f t  co l l i -  

s ion)  - 
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The ine l a s t i c  scat ter ing terms are now separated in to  terms 

describing soft and hard co l l i s ions .  

L e t  

where T now describes the scat ter ing due t o  so f t  col l is ions.  Now 

add and subtract  

where 

Assume 

That is, the sof t  co l l i s ions  involve on ly  an energy degradation and not 

an angular change. Then 
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. 
&in&' ,E) j 3 RR, E' ,hl) i s  now expanded i n  a Taylor series, and a f t e r  dE 
defining the s o f t  stopping power S(E) t o  be 

it is  found t h a t  

Substi tuting Eq. (15) i n t o  Eq. (11) gives the electron transport 

equation as solved by ANISN with continuous slowing down (AWCS): 

E 

E+I' 
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The different-e between Eqs . ( 3 )  and (16) i s  tha t  the ine las t ic  

w e  col l is ions resul t ing i n  an energy lo s s  less than I’ (the s o f t  

col l is ions)  are now handled by a continuous slowing-down term. 

s o f t  col l is ions are  t rea ted  as par t  of the ine las t ic  and total. removal 

The 
I 

cross sections i n  Eq. ( 3 ) ,  although the cross sections f o r  the s o f t  

col l is ions are not well known. In  Eq. (16), the  energy loss due t o  

these so f t  col l is ions i s  t reated by a continuous slowing-down term. 

‘The stopping power used i n  the continuous slowing-down term i s  not 

the well-known energy loss per uni t  distance due t o  exci ta t ion and 

ionization but a portion of  it, a d  w i l l  be described i n  d e t a i l  i n  the 

next section. No knock-on electrons are produced from s o f t  col l is ions 

t reated by Eq. (16), and the incident electron involved suffers an energy 

degredation, but no angular deflection. To obtain the discrete  ordinates 

form fo r  T [Eq. (l?)], integrate  over the energy bounds of group G. 

Then 

which i s  then incorporated in to  Eq. (16) t o  give 



NOA 

D ' = l  

I n  Eq. (18), 

6 = the  average electron flux i n  s p a t i a l  in te rva l  I, evaluated 
€5, I? D 

a t  po i n  angular in te rva l  D with energy E 
g ' 

= the stopping power (energy loss/cm) due t o  sof t  sg' I 

= I t h  Legendre expansion term fo r  the w e  scat ter ing due t o  

e l a s t i c ,  bremsstrahlung and hard ine l a s t i c  col l is ions.  

are in te r re la ted  by a weighted 
$9 I, D' pg+l, I, D' and 'G, I, D 

difference mc~del*~ similar t o  tha t  used f o r  s p a t i a l  intervals .  
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IV. TRANSPORT CROSS-SECTION DATA 

i n  Sections V, V I ,  and V I I .  

in teract ions with both atomic electrons and nuclei. 

as 

where 

since i n  a two-body col l is ion the scatter- 

ing angle i s  a G c t i o n  of the i n i t i a l  and 

f i n a l  energy of t he  pa r t i c l e  considered; 
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E' = the  i n i t i a l  k ine t ic  energy of the  incident 

electron ; 

E = t he  f i n a l  k ine t ic  energy of the primary 

electron; 

E'-E = the  kinet ic  energy l o s t  by the primary 

electron i n  the col l is ion,  which i s  also 

the  kinet ic  energy of the  secondmy 

electron produced by the coll ision; 

Z = the  atomic number of the target  atom;* 

K = (E'+m)/m; 

m = the electron r e s t  mass; 

r = the  c lass ica l  electron radius; 
0 

2 ~t = m/B ; 

B = the  r a t i o  of the velocity of t he  incident 

electron t o  the velocity of l i gh t ;  

f(E',E) = cos€$> E 2 E'/2; 

= cos9p, E <E'/2. 

The resul tant  electron with the highest kinet ic  energy i s  defined as 

the primary electron. 

therefore E'/2. The angle of scat ter ing of the  electron emerging 

with the lower energy (secondary or  knock-on electron) i s  given by 

The m a x i m u m  energy transfer per col l is ion is  

5 

%e cross section given here is not t h e  normal Mdller formula 
but Z x Mbller cross section fo r  an electron-electron coll ision, since 
the atomic form i s  used i n  t h i s  investigation. 
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1 

% = z! 9 

and C& for  the primary electron by 

where cos0 2 C0SBQ 2 0. 

If the  energy transferred by the  incident electron t o  the atomic 

electron i s  large enough so t h a t  &he binding energy i s  insignificant 

(hard col l is ion) ,  the atomic electron can be assumed t o  be free,  and 

the  Mbller cross section i s  applicable. When the  e n e r a  transfer is of 

t he  order of the binding energy, the  col l is ion does not f i t  the Mbller 

cross-section c r i t e r i a .  One approach used i n  t h i s  investigation t o  

12 t r e a t  such col l is ions was  based on the work of Spencer and Fano. 

This method assumes t h a t  for  i ne l a s t i c  electron-electron coll isions 

involving a small energy t ransfer ,  only the  r a t e  of energy dissipation 

is important. The procedure used t o  determine the energy loss per u n i t  

pathlength i s  similar t o  that formulated by Rohrlich and Carlson. 9 

From Eq. (14), the  stopping power for the  law-energy t ransfer  (sof t )  

coUisions i s  
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The Bethe 9'32 theory of stopping power, i n  which an expl ic i t  summation 

is conducted over the excitation probabi l i t ies  of the  atom, predicts 

t ha t  for  low-energy t ransfer  coll'isions 

where 

n = the  electronic number density of the target  material; e 
8* = the  Sternheimerj3 correction for  the density effect ,  the  

mean-energy-loss reduction due t o  polarization of the medium; 

I = the  average ionization energy fo r  the ta rge t  material; 

I' = the  minimum energy t ransfer  for  a hard (high-energy 

t ransfer )  col l is ion.  

Analagous t o  Eq. (14), the stopping power for hard col l is ions may be 

expressed as 

E'/2 

Direct integration yields  
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From Eqs. (22) and {24), t h e  t o t a l  energy loss per un i t  pathlength due * 

t o  ine l a s t i c  e lectronic  col l is ions with atomic electrons i s  

E' E10 + 2 -  
S t o m  (E')  = ne(2mo$) 1 [ 212(E'-I ' ) ]  E ' - I '  

Eq. (25) d i f f e r s  from the  resu l t  of the Rohrlich and Carlson derivation 

by the  presence of smaller terms (no assumption w a s  made as t o  the  

re la t ive  s izes  of E' and 1') and the  inclusion of the  Sternheimer 33 

correction. Spencer and Fano defined a minimum energy loss  per 

col l is ion so tha t  the correct stopping power, here given by Eq. (25), 

is  obtained by the  use of the  M&ller cross section. The definit ion ma.y 

be expressed as 

Since I' here i s  the m i n i m  energy loss allowed i n  any collision, 

there  i s  no separate soft energy loss term. 

Set t ing SItotal CEq* (2511 equal to 'hard [Eq. (24)] and solving for I' 

gives 

I' i s  now a flxnction of E ' .  
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2+s ) 2 I exp (B I' = 
2 (K+1 )E ' 

as the  minimum energy loss  per i ne l a s t i c  co l l i s ion  with an atomic 

electron for  an incident electron with k ine t ic  energy E ' .  The I' 

values obtained from Eq. ( 2 7 )  are approximately four orders of magni- 

tude smaller than I and therefore far below the energy loss  range fo r  

which the  M#ller cross sections were derived. However, i n  the absence 

of an adequate d i f f e ren t i a l  cross section for  so f t  coll isions,  the use 

of the Mbller cross section down t o  I' i n  Eq. (3)  does guarantee the 

correct stopping power. This should be suf f ic ien t  i f  the form of the 

cross section i s  unimportant for  s o r t  col l is ions and only the energy 

loss matters, as Spencer and Fano assumed. 

w i l l  be referred t o  as A M S N  w i t h  the Mbller cross section used t o  

t r e a t  low-energy t ransfer  col l is ions (AWMC). A typic& f i rs t  within- 

group cross-section expansion coefficient,  (p0 term of c =), i s  .of the 

6 2 order of 10 before correction, but of t he  order of 10  a f t e r  the 

delta-function correction. 

This type of zalculation 

As an a l ternate  treatment, these lower energy t ransfer  ( so f t )  

co l l i s ions  were approximated by a continuous slowing-down term, 

i n  Eq. (16). The stopping power for  soft col l is ions,  S(E), i s  defined 

by Eq. (22) as 
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The only undetermined parameter i n  the S(E) defini t ion is  I' , the  

minimum energy t ransfer  fo r  a hard col l is ion.  It i s  not at a l l  clear 

what value should be used. I' must be high enough for the  M&er 

cross sections t o  be valid.  On the  other hand, too high a value would 

have undesirable e f fec ts  on the  angular dis t r ibut ion and electron 

population since the  continuous slowing-down approximation assumes 

col l is ions are straightahead and does not account f o r  secondary 

electrons.  I n  general, it seems reasonable t o  assume tha t  I' should 

be greater than I, the average ionization energy. The use of the  

continuous slowing-down approximation t o  handle low-energy t ransfer  

col3isions does have sane advantages as a method f o r  calculating 

electron transport .  The correct total. stopping power i s  assured when 

the  hard energy loss obtained i n  Eq. (23) i s  combined with the sof t  

energy loss  from Eq. (22). Also, t he  continuous slowing-down approxima- 

t ion  a l lev ia tes  the need for a soft-coll ision cross section by assuming 

a uniform, continuous energy loss involving no change of direction. 

This type of calculation will be referred t o  as ANISN with continuous 

slowing-down used t o  t r e a t  low-energy transfer col l is ions (AWCS). 

A typ ica l  first within-group cross-section expansion coefficient is  of 

the  order of 10  before correction, but of the  order of 10 a f t e r  the  4 2 

de l t a - fhc t ion  correction. 
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B. E las t ic  Coulomb Scattering from Atomic Nuclei 

The a i f f e r e n t i a l  cross section used here fo r  e l a s t i c  scat ter ing 
I 

from a nucleus i s  based on the  Mott 5'34 ser ies  (evaluated as the r a t i o  

of  Mott-to-Rutherford cross sections3"), with the Moligre' screening 

angle and Spencer's35 treatment for  low-angle scat ter ing.  

and Saunderson' s598 expression f o r  the  screened Rutherford cross 

section with Moli&e's7 screening angle is  

Goudsmit 

, 

where 

Os = Moli&e's7 screening angle tha t  attempts t o  account f o r  

the screening of the nuclear potent ia l  by atomic electrons; 
2 F(Z) = 2 fo r  nuclear scattering; 

e = t he  electron charge; 

p = the  r e l a t i v i s t i c  momentum of the incident electron; * 

v = the  r e l a t i v i s t i c  velocity of the incident electron; 

R = the  r a t i o  of Mott-to-Rutherford scat ter ing cross sections. 
* 

Spencer36 rearranged the  cross section i n  Eq. (28) t o  get a be t te r  

expression for  s m a l l  scat ter ing angles and obtained 

)eSince the Mott se r ies  i s  in f in i t e ,  t h e  Mott-to-Rutherford rat40 
can be represented only by an i n f in i t e  ser ies .  
t ion  was  not given here because it i s  too complicated, bu 

The ser ies  representa- 
a full 

discussion can be found i n  Doggett and Spencer's a r t i c l e .  45 
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where 

C. Bremsstrahlung (Radiative) Interactions with Nuclei and Atomic 

Electrons 

The d i f f e ren t i a l  cross section used t o  describe bremsstrahlung 

interact ions i s  given by McCormick, Keiffer, and ParzenY3' who 

recalculated the  work of as 
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where 

p = the  r e l a t i v i s t i c  f i n a l  momentum of the electron; 

p' = the  incident momentum of the electron; 

k = the  energy of the emitted photon; 

C = a dimensionless parameter, defined i n  Ref. 35, which i s  a 

function of the i n i t i a l  and f i n a l  electron energies; 

F = a high-frequency l i m i t  correction factor,  defined as 

P # 0; X 

1-e 
-- - -x ' 

= x ,  p = 0; 

2 a E  
137P 

where X = - 
The high-frequency end-point correction i s  necessary so tha t ,  a f t e r  

integration over angle, the cross section w i l l  not approach 0 as the 

k ine t ic  energy of the  electron a f t e r  the col l is ion approaches 0. Koch 

and Motz 

section. 

16 
present Fano's formula for  the high-frequency l i m i t  ccoss 

The derivation of  the  correction factor used here i s  presented 

i n  Appendix B. It should be noted that t h i s  correction i s  only very 

approximate since it is  designed t o  give the correct l i m i t  a f t e r  

integration over angle. 

correction at a specif ic  angle. 

divergence when E'=E(K=O), so the energy in tegra l  over the  d i f f e ren t i a l  

bremsstrahlung cross section was  cut off at  E'=E-10 . Therefore, 

col l is ions tha t  involve an electron energy loss of 

photon production with a maximum energy <LO 

There i s  no indication of the e f fec t  of the  

1 Eq. (30) exhibits the well-known - K 

-4 

MeV and 
-4 MeV are not considered. 
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D. Photon Interabtions 

The photon cross sections used i n  the solution of t he  electron- 

photon case presented in  Section VI$ were taken from a photon cross- 

section l ibrary tape prepared by MUG.39 The Klein-Nishina approxima- 

%ion4’ fo r  unpolarized photon scat ter ing from free  electrons a t  r e s t  

w a s  used t o  account fo r  Compton scat ter ing.  The photoelectric and 

pair-production cross sections were obtained from data  evaluated by 

McMaster e t  ala4’ and by Plechaty and Ter ra l l .  42 
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V. COMPARISON WITH THEORETICAL MODELS 

,A.  Elas t ic  Multiple-Scattering Angular Distribution 

8 Goudsrnit and Saunderson obtained an analytic expression for  t he  

angular dist r ibut ion of transmitted electrons when monoenergetic 

electrons are normally incident on a suff ic ient ly  thin slab so tha t  

the  energy degradation of the electrons may be neglected. Berger 

used the  Goudsmit-Saunderson theory t o  obtain the  angular dis t r ibut ion 

18 

of the  transmitted electrons resul t ing from 1-MeV electrons normally 

incident on an aluminum slab of thickness 0.0287 g/cm . 2 33 The Mott 

e l a s t i c  scat ter ing cross section, modified t o  account f o r  the  screening 

of the  nuclear charge by the  o rb i t a l  electrons, was used i n  the  expan- 

sion. The transmitted angular  current of electrons calculated by 

Berger i s  represented by the histogram shown i n  Fig. 1. 

results fo r  t h i s  case are given as the plotted points. In  the M S N  

The ANISN 

calculation, one energy group with a range from 1.0106 MeV t o  0.9894 

MeV and a midpoint of 1.0 MeV w a s  used. No energy degradation was 

allowed and only e l a s t i c  scat ter ing was permitted; i.e., i n  t h i s  
I 

= o  = o .  i n e l  b r  calculation Eq. ( 3 )  w a s  solved with a 

The two calculations shown i n  Fig. 1 m e  i n  excellent agreement, 

and thus the  method of discrete  ordinates can handle small-angle 

multiple Coulomb scat ter ing successfully. 

B. Inelastic-Scattering Energy Distribution 

An analyt ic  solution t o  the  electron transport  problem i s  

reported by P a ~ s o w ~ ~  and by Alsmiller 44 f o r  a par t icu lar  form of the  

scat ter ing cross section i n  which the  straightahead approximation i s  
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Fig. 1. Angular dis t r ibu t ion  of transmitted electron current 
for 1-MeV electrons normally incident on a 0.0287-g/cm2-thick 
aluminum slab.  
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assumed so tha t  there  are no angular ef fec ts .  

energetic incident electrons of kinet ic  energy E 

The source fo r  mono- 

i s  expressed as 
0 

#(E,o) = N~ ~ ( E ~ - E )  , 

where 

No = the  source strength, taken as 1.0 i n  the cdcula t ions  

reported here. 

The flux at  distance r i s  

#(E,r) = No 6(E 0 -E)e-@+#s(E,r) , 

where 

Q = the  t o t a l  cross section, which has a constant value for 

all energies; 

#s(E,r)  = the  secondary electron flux. 

The solution for  the  secondary electron f l u  i s  

where 

F (E',E) = the  number per uni t  energy of electrons with energy E ee 

produced i n  a nonelastic col l is ion of an electron 

with energy E', 
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m = an i npu t  parameter; 

45 I1 = the  modified Bessel function of t he  first kind. 

The d i f f e r e n t i a  i ne l a s t i c  cross section used i n  the  analytic calcula- 

t i o n  i s  

where 

( T =  , t he  t o t a l  microscopic cross section. n 

A set of comparisons was made with t h i s  analytic solution i n  order 

t o  v e r i m  ANISN's a b i l i t y  t o  calculate the energy dis t r ibut ion resul t -  

ing from ine la s t i c  col l is ions.  Since the ine l a s t i c  cross section is  

proportional. t o  (Et/E)m, a s m a l l ,  posit ive m a l l o w s  downscatter over a 

considerable range of E values, while a large, negative m severely 

r e s t r i c t s  t he  E values from a given E ' .  

simulate ine l a s t i c  col l is ions resul t ing i n  a large energy t ransfer  and 

those resu l t ing  i n  a s m a l l  energy t ransfer .  With a known solution and 

It w a s  therefore possible t o  

known cross sections, any discrepancy between the analytic resu l t s  and 

ANISN's CaLculations must be due t o  ANISN's method of solution. 
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Equation ( 3 )  was solved with ubr = ael = 0, and uJinel was replaced 

with am from Eq. ( 3 3 ) ,  except t h a t  

T where a AN = cr, a constant, and the mult ipl ic i ty  

E 

- J dE'F(E' ,E), - 
0 

E because the  analytic cross section i s  not symmetric about- 2 '  

It should be noted, however, t ha t  the cross section form given 5x1 

Eq. (33) i s  only a very rough approximation t o  the  Mdller cross section 

given i n  Eq. (19) .  

a b i l i t y  t o  handle the Mbller cross section on the basis of the 

analytic r e su l t s  presented here. 

It i s  d i f f i c u l t ,  therefore, t o  predict ANISN's 

Figure 2 shows the d i f f e ren t i a l  

cross section at E'  = 1 MeV, 0 s E I; 1 MeV, for the  analytic cases 

considered and for  the  Mbller formula. Since the Mbller cross section 

diverges as E 4 E' and i s  symmetric about E = E' /2 ,  the  primary 

electron from a Mdller col l is ion i s  considered t o  have a kinet ic  

energy E, where E ' /2  s E S E'-I', and the secondary electron has a 

k ine t ic  energy of E'-E. The t o t a l  microscopic Mdller cross section 

2 

MeV), 2.29 x 10 barns for I' = I (1.63 x 10- 

for a 1-MeV incident electron i n  aluminum is  2.18 x 10 basns for  

I' = 100 I (1.63 x 

MeV), and 3.53 x 10 barns  when I' i s  determined by the Spencer-Fano 

procedure (1.07 x MeV). 

4 4 
8 
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Fig. 2. Comparison of the d i f f e ren t i a l  Mbller cross section fo r  
i ne l a s t i c  electron-electron col l is ions with two d i f f e ren t i a l  analyt ic  
cross sections below 1 MeV. 
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Two separate analytic cases were run, both f o r  1-MeV electrons 

normally incident on aluminum slabs, so tha t  E = 1.0 MeV and Q = 

0.0602252 x CI. Figure 2 

shows t h a t  the  analytic d i f f e ren t i a l  cross section fo r  t h i s  case very 

3 slowly increases from a value of 1 .5  X 10 barns/MeV a t  E = 1 MeV t o  

0 

3 The first case s e t  m = 1/2 and CJ = 10 . 

4.7 X 10 3 barns/MeV at E = 0.1 MeV. By comparison, the Mbller cross 

section i s  much la rger  near E = 1 MeV but much lower from E = 0.9 MeV 

t o  E = 0.5 MeV. With a t o t a l  microscopic cross section of 10 barns, 

t h i s  analytic case has more large energy-transfer coll isions,  over a 

3 

wide range' of possible t ransfers ,  than does the Mbller cross section. 

The ANISN calculation used 40 energy groups from 1.0 NeV t o  0.1 MeV. 

2 I n  Fig. 3, r e su l t s  are plot ted for  aluminum slabs 0.11 g/cm 
I 

and 0.33 g/cm thick.  Both p lo ts  show extremely close agreement 

between the analytic solution and ANISN's calculated values. This 

thick 

2 

indicates  t ha t  the method of discrete  ordinates can successfully be 

used t o  calculate the r e su l t s  of i ne l a s t i c  scat ter ing over a wide 

energy range fo r  the specif ic  cross-section form given here. The s m a l l  

high-energy peaks appearing i n  Fig. 3 represent the uncollided current, 

expressed as N 

electron cur ren t  remaining i n  the source group f o r  ANISN. 

6(E-E) e-@ fo r  the analyt ic  case i n  Eq. (31j, and the  
0 

4 The second analytic case se t  0=10 and m = - 100. As can be seen 

from Fig. 2, t h i s  r e su l t s  i n  a large d i f f e ren t i a l  cross section for  

small energy-transfer col l is ions,  with re la t ive ly  f e w  col l is ions below 

E = 0.9 MeV. However, t h i s  analytic d i f f e ren t i a l  cross section has a 
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E (MeV) E (MeV) 

Fig. 3 -  Zrasmi t ted  electron current per un i t  energy Der incident 
electron or L - ~ e v  electrons normdly incident on O.ll-g/cm 2 -thick and 
0*33-g/Crn 5 -X*:k . -  aluminum slabs. 
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6 f i n i t e  value of 1.02 x 10 barns/MeV a t  E = 1 MeV, while the Mhller 

d i f f e ren t r a l  cross section diverges as E 4 1 MeV. The Mhller cross 

section then r e su l t s  i n  a great number of very s m a l l  energy-transfer 

co l l i s ions  tha t  a re  not present i n  t h i s  analyt ic  case. The t a t a l  

microscopic cross section, 10 barns, roughly corresponds t o  tha t  

obtained from the  Mhller cross section with I' = I = 1.63 x 

(2.12 x 10 barns), but it i s  much smaller than i n  the case where 

I' = 1.07 x 10 The t a rge t  w a s  a 0.66 - 
g/cm2 - thick aluminum slab, and r e su l t s  were obtained for several  

depths within the slab. In Fig. 4 the analyt ic  transmitted energy 

spectra  are  plot ted along with ANISN's solution f o r  0.11 g/cm , 
0.33 g/cm , and 0.66 g/cm thicknesses. 

4 

MeV 

4 

-8 8 MeV (3 .53 x 10 barns). 

2 

2 2 I n  the ANISN calculation 80 

' energy groups from 1.0 MeV t o  0 . 1 M e V  are  used. Agreement between 

t h e  analytic solution and ANISN's calculation i s  reasonable f o r  all 

three  thicknesses, indicating t h a t  the transmitted energy spectrum 

obtained from t h i s  par t icular  cross section can be correctly calculated 

using the method of d i scre te  ordinates. 

large number of smaller-energy-transfer col l is ions r e su l t s  i n  a 

transmitted spectrum i n  the form of a thin spike, somewhat l i k e  a 

d e l t a  function dis t r ibut ion.  

It should be noted t h a t  a 
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Fig. 4. Transmitted electron current per u n i t  energy e r  incident 3 electron fo r  1-MeV electrons normally incident on 0.U-g/cm -, 0.33- 
g/cm2-, and 0 .66-g/cm2-thick aluminum slabs. 
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VI. COMPARISON WITH MPEliIMENTAL RESULTS 

I n  t h i s  section the  transmitted current of electrons calculated 

by t he  method of d i scre te  ordinates i s  presented, along with the 

experimentally measured spectra fo r  cases involving monoenergetic 

electrons normally incident on ta rge t  slabs of varying thicknesses. 

Calculational results from the  Monte Carlo code ETRAN where available 3 

i n  sui table  form are a l so  included for  additional comparison. 

A. Exp eriments of Rester 

The experimental data presented here are taken frm the work of 

46 Rester and Rester and D e r r i ~ k s o n . ~ ~  The Monte Carlo spectra were 

calculated using ETRAN-15. Results are given for  normal incidence of 

1-MeV electrons on Al and Au ta rge ts  and fo r  2.5-MeV electrons on A l  

taxgets.  

1. 1-MeV Electrons Incident on Aluminum 

The points plotted i n  Fig. 5 show the  measured transmitted electron 

current per un i t  energy for 1-MeV electrons normally incident on 

aluminum slabs of thicknesses of 0.10 g/cm , 0.22 g/cm , and 0.32 

g/cm , respectively, roughly corresponding t o  0.2, 0.4, and 0.6, 

respectively, of the range of the incident electron. The so l id  

curves i n  the figure represent the r e su l t s  from the  discrete  ordinates 

calculations using a continuous slowing-down term with I' = 101 t o  

treat soft i ne l a s t i c  col l is ions,  designated by AWCS (ANISN with 

continuous slowing down), and the  dashed curves represent the r e su l t s  

2 2 

2 

from the discrete  ordinates calculations using the  Mdller cross section 
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t o  deal  with s o f t  i ne l a s t i c  

MBller cross section).  The 

coll isions,  designated by AWMC (ANISN with 

sol id  histograms represent the  Monte Carlo 
2 calculations.  For the  0.10-g/cm case, t he  experimental r e su l t s  are 

lower than the  calculated r e su l t s  at  the peak of the  dis t r ibut ion,  but 

they are  greater elsewhere, especially at the  higher energies. I n  t he  

0.22-g/cm and 0.32-g/cm cases, however, agreement between experi- 

menta l  r e su l t s  and theore t ica l  calculations are  be t t e r  along the high- 

energy edge of the  dis t r ibut ion than at the  peak or  lower energy edge. . 

I n  general ,  the  r e su l t s  of the  discrete  ordinates calculations are i n  

reasonably good agreement with those of the  experimental measurements. 

It should be noted, however, t ha t  the r e su l t s  of the  discrete  ordinates 

and Monte Carlo calculations appear t o  be i n  be t t e r  agreement with each 

other than with the experimental measurements. The AWCS resu l t s  are 

somewhat higher than the AWMC r e su l t s  and for the  O.lO-g/cm 

0.32-g/cm 

Carlo calculations.  

2 2 

5 

2 and 

2 cases, are i n  par t icular ly  good agreement with the Monte 

Since the  discrete  ordinates approximation approaches the  

Boltzmann transport  equation as the number of energy groups and s p a t i a l  

intervals  are increased, the accuracy of the  calculation i s  dependent 

on these parameters. I n  general, for t he  discrete  ordinates calcula- 

t ions undertaken i n  t h i s  investigation, an increase i n  t he  number of 

enerQy groups used t o  describe a case causes the resul t ing spectrum t o  

become more sharply peaked and t o  s h i f t  the  peak of the spectrum t o  a 

s l igh t ly  higher energy. 

tends todecrease the  magnitude of the transmitted spectrum. Both of 

these e f fec ts  continue up t o  a point, beyond which no change i s  noted 

Increasing the number of spa t i a l  intervals  
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the  transmitted spectrum as a r e su l t  of an increase i n  the number 

spa t i a l  in te rva ls  or energy groups. Unless  otherwise stated,  the 

results presented i n  t h i s  investigation are considered t o  be converged. 

The number of energy groups and spa t i a l  intervals  u t i l i zed  i n  a par t ic-  

ular calculation i s  l imited by the  core storage capacity of the computer 

and by the time required for the  computation. Various calculations were 

made for  t he  case of 1-MeV electrons normally incident on a 0.22-g/cm 

thick aluminum s lab i n  order t o  make a d i rec t  comparison between the 

two discrete  ordinates calculational methods and t o  show the e f fec ts  of 

2 

sane factors.  

160 energy groups and 100 spa t i a l  in te rva ls  and another with I' = 1001 

using 166 energy groups and 155 spa t i a l  i n t e r v a l s .  

AWMC calculations were made, one using 175 energy groups and 101 spatial. 

in tervals  and another using a 8  energy groups and 145 spa t i a l  intervals .  

The r e su l t s  of all four calculations are shown in  Fig. 6 i n  the form of 

the  tots transmitted electron current per MeV per incident electron. 

The ~ 8 - g r o u p  AWMC calculation represents a s e t  of converged resu l t s  

and gives higher values and a more sharply peaked dis t r ibut ion than 

does the  176-group AWMC calculation. 

converged resu l t s ,  t he  U8-group AWMC calculation requires a larger  

number of spa t i a l  i n t e r v a l s  and a much longer run time than the 176- 

group AWMC run. 

although the I' = 1001 calculation requires a larger  number of spa t i a l  

intervals  and a longer run time than does the  I' = 101 run. It should 

also be noted tha t  the  I' = 1001 calculation gives a very strongly 

Two AWCS calculations were made, one with I' = 101 using 

I n  addition, two 

* 

However, i n  order t o  achieve t h e  

The two AWCS calculations give fairly s i m i l a r  r esu l t s ,  
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Fig. 6. Transmitted electron current per un i t  energy e r  incident 3 electron for 1-MeV electrons normally incident on 0.22-g/cm -thick 
aluminum slabs. 
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forward-peaked angular d i s t r ibu t ion  for  a th in  case (such as 0.10 

g/cm2), since the 'sof t  co l l i s ions  are  straightahead and the number of 

soft col l is ions increases as I' increases. I n  general, t he  AWCS 

method requires fewer energy groups, fewer spa t i a l  intervals ,  l e s s  

time t o  produce t h e  cross section coefficients,  and a shorter time for 

calculational than the AWMC method requires i n  order t o  obtain 

converged r e su l t s .  

given i n  the  following tab le .  

Details on the calculations shown i n  Fig. 6 are  

The running times shown a re  for  the 

IEN 360/91 computer. The cross-section production time represents 

t h e  time required t o  produce the cross-section coeff ic ients  used for  

the  par t icu lar  calculation. Other calculations (especially f o r  other 

ta rge t  thicknesses) were frequently made w i t h  the same s e t  of coeffi-  

cients. The calculat ional  time i s  the  time required for  ANISN t o  obtain 

8 solution fo r  the problem using the  previously determined cross-section 

coeff ic ients .  
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The calculated and measured transmitted electron current per un i t  

energy per unit sol id  angle i s  presented i n  Fig. 7 for transmission 

angles of 7.5O, 47.5" and 77.5O through a 0.10-g/cm -thick aluminum 

slab.  Both the AWCS and AWMC calculations give good agreement with 

2 

t he  experimental r e su l t s  at 7.3", a though the AWCS values are  s l igh t ly  

high, probably due t o  the  tendency of t he  AWCS calculation t o  produce 

a forward-peaked angular dis t r ibut ion for thin cases. Both discrete 

ordinates methods are i n  reasonable agreement with experiment a t  47.5" 

and i n  poor agreement at 77.5O. It should be noted t h a t  the Monte 

Carlo r e su l t s  a t  77.5" show evidences of d i f f i cu l ty  with s t a t i s t i c a l  

accuracy. 

The transmitted electron current f o r  1-MeV electrons through a 
2 

oO22-g/cm -thick aluminum slab at angles of 7.5", 47.5", and 77.5" i s  

shown i n  Fig. 8. Both discrete  ordinates calculational methods show 

good agreement with the measured resu l t s  at 7.5", except at the  peak 

of the experimental dis t r ibut ion.  Agreement with experiment i s  f a i r  

at 47.5* and poor at 77.5O, with the discrete ordinates resu l t s  aga in  

being low. The angular transmission for the  two discrete  ordinates 

2 calculations were a l i t t l e  more consistent for the  0.22-g/cm 

than for  the O.lO-g/cm case. Presumably t h i s  occurs because the  

increase i n  target  thickness allows suff ic ient  e l a s t i c  angular 

scat ter ing so tha t  the differences i n  the way i n  which the ine l a s t i c  

scat ter ing i s  handled w e  not extremely s ignif icant .  

case 
2 
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The angular dis t r ibut ions o f t h e  transmitted electrons per wit 
so l id  angle resul t ing from 1-MeV electrons normally incident on 

0.10-g/cm , 0.22-g/cm , and O.j2-g/cm -thick aluminum slabs are  

presented i n  Fig. 9. The AWCS calculation does show a s l igh t ly  

forward-peaked dis t r ibut ion i n  the  O.lO-g/cm 

2 2 2 

2 case, but i s  i n  good 

agreement with the experimental values. The A W C  r e su l t s  show 

2 reasonable agreement f o r  the 0.10-g/cm slab .' The discrete  ordinates 

calculations are  very s i m i l a r  fo r  the 0.22-g/cm 2 case, and are  i n  
2 reasonable agreement w i t h  experiment. I n  the 0.32-g/cm case, the 

AWCS values are  in  good agreement with experiment, while the agreement 

fo r  AWMC i s  only fair .  The higher r e su l t s  fo r  AWCS are s i m i l a r  t o  

those shown i n  Fig. 5 f o r  the t o t a l  transmitted electron current fo r  

0.32 g/cm . 2 

2. 1-MeV Electrons Incident on Gold 

The t o t a l  transmitted electron current per un i t  energy resul t ing 

2 from 1-MeV electrons normally incident on a O.l'j-g/cm -thick gold slab, 

representing 0.2 range, i s  shown i n  Fig. loa.  The experimental points 

and Monte Carlo histogram are  s i m i l a r  t o  those used ea r l i e r  fo r  the 

aluminum cases, and the sol id  curve represents t he  r e su l t s  of a 

d iscre te  ordinates AWCS calculation with I' = I(7.97 x 

value w a s  used because it i s  close t o  the value used for  the  1-MeV 

aluminum runs (I' = 1.63 X MeV). The discrete  ordinates r e su l t s  

are much lower than the experimentally measured values and s ignif icant ly  

MeV). This 

lower than the  Monte Carlo calculation. Additional work i s  necessary 

t o  determine i f  t he  poor agreement noted here i s  due t o  the cross 
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0 20 40 60 80 
ANGLE (deg) 

Fig. 9. Angular distributions of the transmi ted electron current 
for 1-MeV electrons normally incident on 0.10-g/cm 8 -, 0.22-g/cm2-, and 
0.32-g/cm2-thick aluminum slabs. 
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sections or  t o  the  method of t he  calculation i t s e l f .  

o f t h e  d i f f i cu l ty  must be i n  t he  cross sections, since the  hard 

A t  l e a s t  part  

i n e l a s t i c  atomic cross section was determined by multiplying the 

Mbller cross section by Z. 

s h e l l  electrons i n  gold are far too t i g h t l y  bound t o  be considered 

This is  obviously incorrect since the K 

f r ee ,  but no tes ted  correction fac tor  was available.  The angular 

d i s t r ibu t ion  of the transmitted electron current pe r .un i t  angle for 

t h i s  case i s  given i n  Fig. lob.  

by d iscre te  ordinates t o  be much smaller at  low angles than t h e  

1t.shows the  d is t r ibu t ion  calculated 

experimental dis t r ibut ion,  as i s  expected from Fig. loa, but t ha t  it 

increases i n  re la t ion  t o  the  experimental points at  la rger  angles. 

The sane general behavior i s  shown by the Monte Carlo calculation of 

the  dis t r ibut ion,  which i s  lower than the  experimental measurement at  

low angles but actually higher a t  large angles. 

3 .  2.5-MeV Electrons Incident on Aluminum 

The points plot ted i n  Fig. 11 show the  t o t a l  transmitted electron 

current per unit  energy per incident electron resul t ing from 2.5-MeV 

electrons normally incident on 0.31-g/cm (0.2 range) and 0.62-g/cm - 2 2 

(0.4 range) th ick  aluminum slabs.  The experimental points, Monte Carlo 

histograms, AWCS and AWMC representations axe similar t o  those used 

fo r  the  1-MeV case. Reasonable agreement is  shown between the discrete  

ordinates r e su l t s  and the  experimental measwrements i n  both cases. 
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However, the  discrete  ordinates calculations here are  somewhat lower 

than the  Monte C a r l o  values, especially a t  the  peak of the dis t r ibut ion,  

while agreement between d iscre te  ordinates and Monte Carlo calculations 

i s  good for  the 1-MeV cases. 
I 

The transmitted electron current a t  20°, 45", and 60" resul t ing 

2 from 2.5-MeV electrons normally incident on a 0.31-g/cm -thick 

' aluminum slab i s  shown i n  Fig. 12. 

i n  fair  agreement with the experimental points, but at 45" the agree- 

ment is  poor at the  peak of the dis t r ibut ion,  with the calculated 

results higher than the  experimental r e su l t s .  

The calculated values at 20" are 

A t  60°, the  discrete  

ordinates calculations a re  considerably higher than the  experimental 

measurements over most of the dis t r ibut ion.  This seems t o  contradict 

the  large-angle calculations for  t he  0.2 range 1-MeV case, where the 

calculated values were low compared t o  experiment (see Fig. 7). The 

reason fo r  t h i s  phenomenon fs not apparent. 

The transmitted electron current at 10' and 20" resu l t ing  from 

2 2.5-MeV electrons normally incident on a 0.62-g/cm -thick aluminum 

s lab  i s  given i n  Fig. 13. Agreement between the AWCS calculation and 

experimental measurements i s  poor at  the peak of the dis t r ibut ion for 

both cases but i s  qui te  reasonable elsewhere. 

r e su l t s  shown here are somewhat consistent with the  s l i gh t ly  low peak 

values shown i n  Fig. ll f o r  the t o t d  transmitted current through the 

0.62-g/~m slab.  

The low calculational 

2 
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The mgular dist r ibut ions of the  transmitted electron current 

per  unit so l id  angle f o r  2.5-MeV electrons normally incident on 
2 2 0.31-g/cm and 0.62-g/cm -thick aluminum slabs are  presented i n  

Fig. 14. The values calculated by the discrete  ordinates methods 

for the  0.31-g/cm 2 case are higher than the  experimental measurements 

through much of the dis t r ibut ion,  as wassham i n  Fig. 12. 

Monte Carlo calculations also follow t h i s  general tendency. The AWCS 

results fo r  the 0.62-g/cm 

the  experimental values, although the  calculation i s  s l igh t ly  low a t  

The 

2 case show more reasonable agreement with 

t h e  forward angles. 

'B. Ekp eriments of Loneraan et .&. 

The experimental data  presented here a re  taken from the work of 

Lonergan, Jupi ter ,  and Merke1.27 

made by Edmondeon, Derrickson and Peasley" using E T R M ~ . ~  

are  given fo r  4-MeV and 8-MeV electrons incident on aluminum ta rge ts .  

The Monte Carlo calculations were 

Results 

1. &MeV Electrons Incident on Aluminum 

The electron current per un i t  energy per u n i t  so l id  angle 

transmitted at 30" from 4-MeV electrons normally incident on a 

1.275-g/cm -thick aluminum slab (0.5 range) i s  given i n  Fig. 15a. 

The experimental points and Monte Carlo histogram are plotted i n  the 

2 

usual, manner, and the so l id  curve represents an AWCS discrete  ordinates 

calculation with I ' = lOI(1.63 x MeV). Agreement between the 

d iscre te  ordinates r e su l t s  and t h e  experimental measurements i s  fair, 

*As mentioned i n  Ref. 27. 
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while the  agreement between the Monte Carlo values and experiment i s  

much be t t e r .  However, i n  the  summary of R e f .  27 it s t a t e s  "The number 
2 of 4.0 MeV electrons transmitted through 1.275-g/cm -thick s labs  of 

Al was  25% higher i n  the  calculation. 

spectra and angularr dis t r ibu t ion  were renormalized t o  the  experimental 

When the  calculated energy 

transmission they agreed with the measured data." Since the AWCS 

calculation i s  considerably higher than the experimental r e su l t s  and 

the  Monte Carlo values at the  peak and at lower energies i n  the 

dis t r ibut ion,  it seems quite possible tha t  the agreement between the  

AWCS resu l t s  and the Monte Carlo calculation before renormalization 

might be b e t t e r  than tha t  shown in  Fig. 15a. 

The angular dis t r ibut ion o f t h e  transmitted electron current per 

unit so l id  angle from 4-MeV electrons nomally incident on a 

1.275-g/cm - thick aluminum slab i s  shown i n  Fig. 1%. 'The AWCS values 

a re  considerably higher over most of  the dis t r ibut ion than the Monte 

2 

Carlo r e su l t s  and those from the  experimental measurements, as would 

be expected from Fig. 1%. It i s  in te res t ing  t o  note, however, t ha t  

t h e  discrete  ordinates value at 0' is  very close t o  the experimental 

point, while the  Monte Carlo histogram i s  much lower. 

2. 8-MeV Electrons Incident on Aluminum 

The electron current per unit energy per uni t  sol id  angle trans- 

2 mitted at 20" from 8-MeV electrons normally incident on a 0.953-g/cm - 
thick aluminum slab (0.2 range) is  given i n  Fig. 16a. 

points, Monte Carlo histogram, and AWCS using I' = 101 are shown as i n  

previous figures.  The d iscre te  ordinates calculation shows excellent 

The experimental 
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agreement with the  experimental measurements over most of the  energy 

range. However, ' the calculated curve actually increases i n  value below 

2 MeV, while t h e  experimentally measured points continue t o  decrease i n  

magnitude. 

although exhibit ing some s t a t i s t i c a l  f luctuation, a l so  appears t o  

It should be noted tha t  t he  Monte Carlo calculation, 

increase i n  t he  lower energy range. 

The angular d is t r ibu t ion  of the transmitted electron current per 
2 u n i t  sol id  angle fo r  8-MeV electrons normally incident on a 0.953-g/cm - 

th ick  aluminum s lab  i s  presented i n  Fig. 16b. The dis t r ibut ion from 

the  d iscre te  ordinates calculation i s  i n  excellent agreement with the 

experimental points at  the higher angles, but i s  does not exhibit a 

low-angle peak as the experimental dis t r ibut ion does. The low-angle 

peak i n  Fig. 16b. i s  i n  sharp contrast t o  the  high experimental value 

at 0' shown i n  Fig. 1%. 
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V I I .  COMPARISON WITH A THEDRETICAL CALCULATION 

FOR AN INCIDENT ELECTRON SPECTRUM 

A. Transmitted Electron Spectra 

Because of the lack of experimental data, it was not possible t o  pre- 

sent a comparison between calculated and experimental r e su l t s  fo r  the 

case of an electron energy spectrum incident on a slab. 

Carlo code ETRAN of Berger and Seltzer,' Scott48 calculated the trans- 

mitted electron current per un i t  energy fo r  the case of a specific 

electron energy spectrum normally incident on aluminum slabs, and t h i s  

theore t ica l  calculation has been compared with r e su l t s  obtained with 

ANISN. The incident electron energy d is t r ibu t ion  used i n  the calcu- 

Using the Monte 

la t ions  i s  a representation of the spectrum resul t ing from thermal- 

neutron capture i n  2'5LT.49 This spectrum extends t o  electron energies 

of the order of 10 MeV and i s  shown expl ic i t ly  i n  Fig. 17 (taken from 

Ref. 48). 

tinuous slowing-down version of ANISN from Eq. (16). Ine las t ic  col- 

l i s ions  with atomic electrons involving an energy t ransfer  greater than 

I' were represented by the Mfiller cross section, Eq. (19). 

The transmitted electron current was calculated by the con- 

Those with 

an energy t ransfer  less than I' were approximated by a continuous slowing- 

down term. The I' value used fo r  t h i s  calculation was 100 I, or 0.0163 - 

MeV. 

MeV and 320 s p a t i a l  intervals  foY 1.0-g/cm thickness. 

sul ts  fo r  an aluminum slab 0.5-g/cm thick a re  shown i n  Fig. 18 as  a 

The ANISN calculation used 21 electron energy groups down t o  0.15 
2 The ETRAN re- 

2 

histogram and the ANISN r e su l t s  a re  shown as plotted points. 

comparison i s  given i n  Fig. 18 for  an aluminum slab 1.0-g/cm 

A similar 

thick. 2 
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I n  both p lo t s  the ETRAN and ANISN r e s u l t s  are i n  reasonable agreement, 

although the ANISN r e su l t s  a r e  a l i t t l e  high i n  the 2- t o  4-MeV range 

for the 1.0-g/cm case. 2 

B. Transmitted Photon Spectra 

I n  addition t o  the electron transport  calculation, the photon cur- 

ren t  produced by bremsstrahlung was computed and transported through the , 

slab by solving Eq. (2) for  photon transport  coupled w i t h  Eq. (16) for 

electrons. A s  indicated i n  Section 111, t h i s  coupling introduces pho- 

tons produced by electron bremsstrahlung as a source for the photon 

transport  equation, but electrons produced by photons are  not introduced 

in to  the electron transport  equation. The photon calculation used 60 

energy groups down t o  0.01 MeV and a t o t a l  of 339 intervals  for a 50- 

g/cm -thick aluminum slab. A t  thick depths the primary electrons are  2 

no longer present, and photons const i tute  the bulk of the dose a t  such 

depths. 

a r e  dominant. 

Electrons a r e  present, produced by the photons, but the photons 

The method of discrete  ordinates i s  quite capable of 

calculating the  resul t ing photon current, even for very thick target 

depths, as  shown i n  Fig. 19. It would be very d i f f i c u l t  t o  obtain 

reasonable s t a t i s t i c a l  accuracy i n  a similar calculation by a Monte 

Carlo procedure. 



79 

V 
u n 

100 

0 2 4 6 8 10 
E (MeV) 

Fig. 19. Transmitted photon current per un i t  energy per incident 
electron fo r  a specif ic  energy spectrum of electrons (Fig. 17) normally 
incident on aluminum slabs of the thicknesses indicated. 
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V I I I .  CONCLUSIONS AND RECOMMENDATIONS 

Discrete ordinates appears t o  be a very promising method for cal- 

culat ing the transport  of electrons i n  aluminum, but additional investi-  

gation i s  required t o  determine the extent of i t s  appl icabi l i ty .  The 

r e su l t s  achieved for electron transport  through gold a re  considerably 

poorer than the calculations for  aluminum. 

difference i n  the r e su l t s  achieved i s  due t o  the difference between 

heavy elements (Au) and l i g h t  elements (Al). 

the  d i f f i cu l ty  experienced with gold i s  due t o  the method of calculation 

or t o  the cross sections employed, but it seems more l i ke ly  t h a t  the 

It seems probable tha t  the 

It i s  not known whether 

problem l i e s  i n  the cross sections. 

Both ANISN with continuous slowing down used t o  t r e a t  low-energy 

t ransfer  co l l i s ions  (AWCS) and ANISN with the Mbller cross section used 

t o  t r e a t  law-energy t ransfer  co l l i s ions  (AWMC) a r e  capable of giving 

acceptable r e su l t s  for aluminum. A t  t h i s  stage .of development, AWCS 

seems preferable because it requires fewer energy groups t o  produce con- 

verged r e su l t s  and requires a shorter running time than does AWC. 

Subsequent areas of investigation should include calculations for  

several  nonaluminum targets  i n  order t o  determine the range of applica- 

b i l i t y  of the method of calculation and of the current cross sections. 

An attempt should then be made t o  develop the cross-section theories 

for  heavy elements i n  order t o  get agreement with the experimental re- 

sults. Calculations should a l so  be made for  comparison with experimental 

studies of electron bremsstrahlung. 



Calculation of e lectron transport  by discrete  ordinates could be 

made more e f f i c i e n t  by a more precise determination of the energy-group 

s t ructure  required t o  achieve converged r e su l t s  fo r  both monoenergetic 

and energy-spectrum sources. The calcJlat iona1 procedure i n  ANISN 

could be made more e f f i c i en t  fo r  electrons by l imit ing the application 

of the convergence c r i t e r i a  for  a par t icular  energy group t o  those 

s p a t i a l  in te rva ls  where the calculated electron current for  t ha t  group 

is  s ignif icant .  

duce the number of energy groups required f o r  a calculation. 

In  addition, a weighting function might be used t o  re- 

Weighting 

f'unctions a r e  often used i n  the process of t rea t ing  cross sections t o  

obtain a multigroup form and normally involve the representation of 

several  groups from a normal energy group s t ructure  by a single energy 

group with an averaged cross section. 

24 

The averaging procedure includes weighting the cross sections i n  

the or ig ina l  group s t ructure  by some measure of t he i r  r e l a t ive  importance. 

However, recent work on neutron transport  i n  iron5' shows tha t  although 

s ignif icant  improvement can be obtained by the select ion of a good 

weighting function, some problems require a specif ic  group structure 

i n  order t o  obtain precise answers. 
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APPENDIX A 

DEflIV: TION OF THE CONTINUOUS SLOWING-DOWN TRANSPORT EQU .TION 

' The derivation given here follows the method used by Rossi. 31 The 

Boltzmann transport equation for electrons is given by Eq. (11) as 
E d20* (E' ,  E,Q + - #  .Q) 

Z.V~(;,E,~?) = P(Z,E,Z) + n Io  dE' dSl' e+e cb( z, E', z' ) dEdQ 
E 

2 d oinel( E', E , z t  .z) 
dE& #(%,E' ,zf ) + n  dEf lc%lt 

" E+I' 

where 

E-I '  
d 2 oinel(E, E' ,st .z) T 

9 al(E) = 1 ,Et/. dSl dE' ds2 
E 
2 
- 
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The i ne l a s t i c  sca t te r ing  i s  now separated i n t o  terms describing 

large and small energy t ransfer  col l is ions.  Define 

(35)  E 

where T describes small energy t ransfer  col l is ions.  Add and subtract  

where 

Then 

2 d oinel( E' ,  E,;' .;) , E+I'  

t#J(s, E' ,ss ) T = n J dEf j d l l '  dEdS2 
E 

+ n  

- n  
E 



85 

Now assume 

t h a t  is, the s o f t  co l l i s ions  involve only an energy degradation and not 

an angular change. 

and 

The first and las t  terms i n  Eq. (36) then cancel, 

E-I' 

Define 

u = E' - E , du = dE' , f i rs t  term; 

U = E - E' , d = -dE' , second term. 
A 

Then I' 

0 

I' 
A - n 1 d; f (E,E-x)  . 

0 
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Now l e t  

g (E ' , u )  = f (E ' ,E ' -n)  

= f (E+x,E)  . 
Errpanding g(E ' , n )  i n  a Taylor s e r i e s  about E' = E while holding w con- 

s tan t  gives 

Then 

so that  

a 
a E  f (E ' ,E ' -n )  = f(E,E-H) + u - [f(E,E-n)] , 

or 

(39) 
a f(E+n,E) = f(E,E-U) + u [f(E,E-%)] 

A 
Substi tuting Eq. (39) in to  Eq. (38) ,  and noting tha t  w and u are  

variables of integration so t h a t  the  d is t inc t ion  between them may be 

dropped, 

I' 
a T = n f du u [f(E,E-u)] . 

0 

Now s e t  E t  = E - u, and 

I' 

0 



Defining the  stopping power S(E) as 

I' 

0 

or 

Then subs t i tu te  Eq. (41) in to  Eq. (40), t o  find 

T =  (43) 

Equation (42) defines the  relationship between the  stopping power and 

the d i f f e ren t i a l  cross section fo r  low-energg t ransfer  co l l i s ions .  As 

i n i t i a l l y  defined i n  E q .  ( 3 5 ) ,  T represents two terms i n  Eq. (34) .  T 

as  defined by Eq. (43) i s  now substi tuted back in to  Eq. ( 3 4 )  t o  give 

E * (E~,E,G-Z) 
Oe-e +(s, E' ,;' ) lo dE' / d S l '  dEdSl 

4 

R .vNZ, E,;) = P(;,E,;) + n 

E 

E 
d 2 ainel( E' E,;' *S) 

+(g, E' ,*:' ) dEdQ + n lo 
E+I 

a The law-energy t ransfer  col l is ions represented by 

i n  Eq. (44) now do not produce knock-on electrons but only reduce the 

energy of the incident electron. 

[S(E) &(S,E,$)] 
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Equation (44) i s  given i n  Section I11 as Eq. (16), with S ( E )  de- 

fined as i n  Eq. (42), and i s  the form of the  transport  equation solved 

by AWCS (ANISN with continuous slowing down used t o  t r e a t  low-energy 

t ransfer  co l l i s ions) .  
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APPENDIX B 

HIGH-FREQJJENCY EKD-POINT CORRECTION FOR THE DIFFEREECIAL 
BREMSSTRAHLUNG CROSS SECTION 

The bremsstrahlung cross section of McCodck, Keiffer, and 

P a r ~ e n , ' ~  which is  d i f f e ren t i a l  i n  angle and energy, was given as 

EQ- (30) i n  Section I V .  When Eq. (30) i s  integrated over angle, the 

r e su l t  ~ a y  be expressed as "Eq. (3BN)" i n  Koch and Motz: 16 

where 

PoP-l 1 



Eo,E = the  i n i t i a l  and f i n a l  t o t a l  energy of the electron 
2 i n  a col l is ion,  i n  mc uni ts ,  

po,p = the  i n i t i a l  and f i n a l  momentum of the electron i n  

a col l is ion,  i n  mc uni ts ,  
2 k = the  energy of the emitted photon i n  mc uni ts .  

The bremsstrahlung cross section should have a f i n i t e  value a t  the 

high-frequency l imi t ,  but Eq. (45) gives a value which approaches 0 as 

p - 0 .  Fano’s cross-section formula for  the high-frequency l i m i t  i s  

given by Koch and Motz [ in  Eq.  (11-g)] as: 

where 

Bo,@ = the r a t i o  of the i n i t i a l  and f i n a l  electron 
. veloci ty  t o  the  velocity of l i g h t .  

SO t ha t  dok [Eq- (45)] x F = dak [Eq-  

X fac tor  was chosen t o  be F = 

a lso  apply near the l i m i t ,  as p - 0 .  
l-exp( -x) 

(4611 when p=O. 

, s o  tha t  the correction would 

Then 

The form of the 

v 

A high-frequency l i m i t  correction fac tor  F i s  sought, therefore, 

P # o ;  
A 

F=i-expo, 

F = X, p = o .  



Therefore,. Eq.  (45) must be evaluated as p -. 0 so the r e su l t  s e t  equal 

t o  Eq .  (46) i n  order t o  find X. F i r s t  multiply Eq= (45) by the factor  

X i n  the form X = X'E/p, and take the l i m i t  as p -. 0, t o  ge t  

Then 

2 2  ~E:+E~-E?+V +6 
* k -  137 k p0 3(Eo+l)(Eo l>Eo 

22 '0 dk X' [ 
o - o ] 

/ 1 + ~  i 
subs t i tu te  the iden t i t i e s  28, - ""\e) a 

Eq. (46) t o  give 

nd 

(47) 

- - BoEo in to  

Now set Eq. (47) equal t o  Eq.  (48) and solve fo r  X', noting t h a t  

P0+l - - I? o' so t h a t  
2 

and 

as given i n  Eq. (30)' Section IV. Tbis factor  w a s  derived t o  assure 

the correct value as p - 0 a f t e r  integration over angle, but it does 

not assure the correct l imi t  at a specif ic  angle. 
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